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Some results on cosmological and astrophysical horizons and trapped surfaces
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We study the evolution of horizons of black holes in the 1+1+2 covariant setting and investigate
various properties intrinsic to the geometry of the foliation surfaces of these horizons. This is done
by interpreting formulations of various quantities in terms of the geometric and thermodynamic
quantities. We establish a causal classification for horizons in different classes of spacetimes. We
have also recovered results by Ben-Dov and Senovilla which put cut-offs on the equation of state
parameter σ, determining the spacelike, timelike and non-expanding horizons in the the Robertson-
Walker class of spacetimes. We show that stability of marginally trapped surfaces (MTS) in the
Robertson-Walker spacetimes is only achievable under the conditions of negative pressure, and also
classify the spacelike future outer trapping horizons (SFOTH) in the Robertson-Walker spacetimes
via bounds on the equation of state parameter σ. For the Lemaitre-Tolman-Bondi (LTB) model, it
is shown that a relationship between the energy density and the electric part of the Weyl curvature,
E , gives the causal classification of the MOTS. It is further shown that only spacelike MOTS are
foliated by stable MTS, and that this stability guarantees no shell crossing. We also provide an
explicit proof of the third law of black hole thermodynamics for the LRS II class of spacetimes, and
by extension, any spacetime whose outgoing and ingoing null geodesics are normal to the MTS.
PACS numbers:
I. INTRODUCTION
Being one of the most engaged areas of research in recent years, the study of black holes has taken a central
role in understanding Einstein’s theory of general relativity. The notion of black holes is understood in context
of what are known as closed trapped surfaces [1–3]. The formation of a closed trapped surface in a spacetime M
signals gravitational collapse and generally indicates geodesic incompleteness ofM . These closed trapped surfaces are
determined by the sign of the null expansion scalars along the null vector fields normal to them [1–7]. We can make
a choice of one of the null expansion vanishing with the other strictly negative to define what are called marginally
trapped surfaces (MTS) (we usually take the null expansion along the outgoing null direction to vanish). These
surfaces foliate a 3-dimensional submanifold of M . It has been shown in [8], under the assumption that the intrinsic
geometry and the normal bundles connection on the closed trapped 2-surfaces are fixed, that any such surface serves
as a suitable boundary in a quasi-local action formulation of general relativity. As such these 3-submanifolds are
suitable black hole boundaries and are used to study the local dynamics and evolution of black holes [4–6].
Various properties of such submanifolds have been studied. The uniqueness of dynamical horizons - a spacelike 3-
submanifold H , foliated by MTS with signature of the induced metric fixed all over H and their geometric properties,
were investigated in [9]. A notion of stability of the leaves of the foliation, the MTS, analogous to minimal surfaces
in Riemannian geometry has also been established [10–12].
The topological properties of these MTS have also been investigated by various authors [1, 13–19] producing some
very interesting results. For example, Stephen Hawking theorized [1] that cross sections of the event horizon for
asymptotically flat and stationary spacetimes, satisfying the dominant energy condition, are topological 2-spheres.
This is the well known Hawking black hole topology theorem. In 1987, Newmann constrained the result by Hawking
by showing that the cross sections have to satisfy certain stability conditions [14].
Ellis and coauthors [20] studied the evolution of the horizons, called MOTS, foliated by MTS, in the LRS II
spactimes. They introduced conditions on the slope of the tangent to the MOTS curves which determine the nature
of the MOTS. This led the authors to describe MOTS in a real astrophysical setting and found that an initial MOTS
bifurcates into an outer and inner MOTS and that the inner MOTS was timelike while the outer MOTS was spacelike.
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2The interest in these horizons as local description of black holes gave rise to the formulation of the laws of black
hole mechanics and even flux laws locally. Trapping horizons, introduced by Hayward was first used to formulate
dynamical laws of black hole mechanics [21]. Ashtekar and coauthors introduced the notion of an isolated horizon
(IH), to characterize the equilibrium states of black holes. Truly dynamical black holes are characterized by dynamical
horizon (DH) [4–7]. It has been shown that flux laws can as well be formulated on DH [5, 6].
The laws of black hole thermodynamics are formulated in context of the properties of quantities such as the surface
gravity and angular momentum on the horizon [22–25]. These are formulated so that they are intrinsic to the horizon
geometry. For example the notion of surface gravity, which is closely related to the temperature of a black hole, also
plays an important role in the study of black hole dynamics [21–23, 26].
In this paper we investigate the evolution of black hole horizons in context of the 1+1+2 covariant splitting variables.
The formulation in this paper allows us to make some very important observations about black hole horizons. We
determine the forms of the horizon function determining the sign of the intrinsic metric on the horizon for certain
classes of spacetimes as well as for the general case. We use these results to study horizons and trapped surfaces in
some well known spacetimes. We then consider some results concerning surface gravity on the horizon.
This paper is structured as follow: In section II we give an overview of the 1+1+2 covariant splitting of spacetime
following [20, 27]. Section III looks at the nature of horizons in various classes of spacetimes and use the results
to study properties of horizons and marginally trapped surfaces in the Robertson-Walker and the Lemaitre-Tolman-
Bondi spacetimes. In section IV we calculate the surface gravity for various classes of spacetimes as well as the general
case, and in section V we conclude with discussion of the results of the paper.
II. PRELIMINARIES
In this section we introduce the 1 + 1 + 2 semi-tetrad covariant formalism [20, 27, 28] and some definitions.
A. Some notes on the 1 + 1 + 2 covariant formalism
Given a spacetimeM , to covariantly describeM we first make a choice of a unit tangent vector field ua, to a defined
timelike congruence [29]. Given any 4-vector Ua in the spacetime, the projection tensor h ba ≡ g ba +uaub, projects Ua
onto the 3-space as
Ua = Uua + U 〈a〉,
where U is the scalar along ua and U 〈a〉 is the projected 3-vector. This naturally gives rise to two derivatives:
• The covariant time derivative (or simply the dot derivative) along the observers’ congruence. For any tensor
Sa..bc..d, S˙
a..b
c..d ≡ ue∇eSa..bc..d.
• Fully orthogonally projected covariant derivative D with the tensor hab, with the total projection on all the free
indices. For any tensor Sa..bc..d, DeS
a..b
c..d ≡ hafhpc...hbghqdhre∇rSf..gp..q.
The kinematical and Weyl quantities associated with the 1 + 3 splitting is given by the set
{ρ, p,Θ, Hab, Eab, σab, πab, qa, ωa}. We have ρ = Tabuaub as the energy density, p = 13habTab is the isotropic
pressure, Θ = Dau
a is expansion, Hab is the gravito-magnetic tensor, Eab is the gravito-electric tensor, σab is the
shear tensor, πab = π〈ab〉 is the anisotropic stress tensor, qa = q〈a〉 = −h ba Tbcuc is the 3-vector defining the heat flux,
and ωa is the rotation vector. The quantity Tab is the energy-momentum tensor.
The 3-space can further be split by the choice of a vector field - which we denote by ea - orthogonal to ua, and
the kinematical and Weyl variables described above can be split into an irreducible set of covariant scalar variables.
The vector field ea allows for the introduction of a projector tensor given by N ba ≡ g ba + uaub + eaeb, which projects
vectors orthogonal to ua and ea onto a 2-surface defined as the sheet N aa = 2. This further splitting introduces two
new derivatives:
• The hat derivative is the spatial derivative along the vector ea. For a 3-tensor ψ c..da..b , ψˆ c..da..b ≡ efDfψ c..da..b .
• The delta derivative is the projected spatial derivative on the 2-sheet by N ba and projected on all the free indices.
For any 3-tensor ψ c..da..b , δeψ
c..d
a..b ≡ N fa ..N gb N ch ..N di N je Djψ h..if..g .
The resulting quantities fully describing a spacetime M are then given by the set
{ρ, p, A,Θ, φ,Σ, E ,Π, Q,Ω,Θ,Hab, Eab,Σab,Πab, Aa,Ha, Ea,Σa,Πa, qa, ωa} which are defined as follows
3σab = Σ
(
eaeb − 1
2
Nab
)
+ 2Σ(aeb) +Σab, qa = Qea, u˙a = Aea +Aa, φ = δae
a, ωa = Ωea +Ωa, (1)
Eab = E
(
eaeb − 1
2
Nab
)
+ 2E(aeb) + Eab, πab = Π
(
eaeb − 1
2
Nab
)
+ 2Π(aeb) +Πab. (2)
In (1), Aa is the acceleration vector, φ is the sheet expansion, and E , Π and Σ are the scalars associated with the
electric part of the Weyl tensor, the anisotropic stress and the shear tensor respectively. The evolution and propagation
equations can be obtained from the Ricci identities of the vectors ua and ea as well as the doubly contracted Bianchi
identities. Some of the evolution and propagation equations relevant to this paper are given below (see [27], which
contains the complete set of equations):
• Evolution:
2
3
Θ˙− Σ˙ = Aφ− 2
(
1
3
Θ− 1
2
Σ
)2
− 1
3
(ρ+ 3p− 2Λ) + E − 1
2
Π− ΣaΣa +ΩaΩa
− (2aa −Aa − δa)Aa + 2Ω2 + εabαaΩb − 2αaΣa − ΣabΣab, (3)
φ˙ =
(
2
3
Θ− Σ
)(
A− 1
2
φ
)
+Q+ 2ξΩ+ δaα
a − ζabΣab +Aa (αa − aa)
+ (aa −Aa) (Σa − εabΩb) . (4)
• Propagation:
2
3
Θˆ− Σˆ = 3
2
φΣ +Q+ 2ξΩ+ δaΣ
a + εabδ
aΩb − 2Σaaa + 2εabAaΩb − Σabζab, (5)
φˆ =
(
1
3
Θ + Σ
)(
2
3
Θ− Σ
)
− 1
2
φ2 − 2
3
(ρ+ Λ)− E − 1
2
Π + 2ξ2 + δaa
a (6)
−aaaa − ζabζab + 2εabαaΩb − ΣaΣa +ΩaΩa.
The full covariant derivatives of the vectors ua and ea are given by [27]
∇aub = −Auaeb + eaeb
(
1
3
Θ + Σ
)
+Nab
(
1
3
Θ− 1
2
Σ
)
− uaAb + ea (Σb + εbmΩm) + Ωεab
+(Σa − εamΩm) eb +Σab, (7)
∇aeb = −Auaub +
(
1
3
Θ + Σ
)
eaub +
1
2
φNab − uaαb + (Σa − εamΩm)ub + eaab + ξεab + ζab, (8)
where
αa ≡ e˙a = Nabe˙b, εab ≡ εabcec = udηdabcec, ζab ≡ δ{aeb}, ξ ≡
1
2
εabδaeb, aa ≡ ecDcea = eˆa.
The quantities Σ,Σa,Σab are related to the shear tensor and shear scalar via the relations
σ2 ≡ 1
2
σabσ
ab =
3
4
Σ2 +ΣaΣ
a +
1
2
ΣabΣ
ab. (9)
We also have the relation uˆa =
(
1
3Θ+Σ
)
ea+Σa+εabΩ
b. The quantity ζab is the shear of e
a (distortion of the sheet),
aa is its acceleration, and ξ is the twisting of the sheet (rotation of ea).
4B. Some definitions
Let us now define some notions useful to this paper. As was mentioned in the introduction, the authors in [8]
showed that a 3-surface foliated by marginally trapped 2-surfaces is a suitable boundary of a black hole under certain
conditions. In the definitions and discussions that are to follow, ka and la are respectively the outward and inward
null normal vector fields to a leaf of such foliation, while Θk and Θl are the expansions of the congruences generated
by ka and la respectively.
Definition II.1 (Trapped Surface) A (future) trapped surface (TS) is a smooth, connected, closed, spacelike co-
dimension 2 submanifold S of M such that the divergences, Θk and Θl, of the congruences generated by the null
normal vector fields ka and la (ka is the outgoing null normal vector field and la is the ingoing null normal vector
field) respectively are everywhere negative on S.
Definition II.2 (Marginally Trapped Surface) A marginally trapped surface (MTS) is a smooth, connected,
closed, spacelike co-dimension 2 submanifold S of M such that Θk is everywhere vanishing on S and Θl is everywhere
negative on S.
Definition II.3 (Marginally Trapped Tube (or MOTS)) A a marginally trapped tube (MTT) (or marginally
outer trapped surface (MOTS) following [20]) is a co-dimension 1 submanifold H of M which is foliated by MTS.
For more on the above definitions see the following references ([4–7, 32–34], as well as [20]). In general, the signature
of the induced metric on H will vary over H . There are however cases where the signature is fixed all over H (C is a
fixed real number everywhere on H). In such cases a spacelike MOTS is called a dynamical horizon (DH), a timelike
MOTS is called a timelike membrane (TLM), and a null and non-expanding MOTS is called an isolated horizon (IH).
An MOTS will be called outer if LlΘk is everywhere negative on H and inner if LlΘk is everywhere positive on
H , where Ll is the Lie derivative operator in the direction of the null normal vector field la. Timelike implies inner
trapped and spacelike implies outer trapped.
We now introduce certain classes of spacetimes to be considered throughout this work. An LRS spacetime M is
a spacetime in which at each point p ∈ M , there exists a continuous isotropy group generating a multiply transitive
isometry group on M [37–42]. The general metric of LRS spacetimes is given by
ds2 = −A2dt2 +B2dχ2 + C2dy2 +
[
(CD)
2
+ (Bh)
2 − (Ag)2
]
dz2 +
(
A2gdt−B2hdχ) dz, (10)
where A2, B2, C2 are functions of t and χ, D2 is a function of y and k (k fixes the geometry of the 2-surfaces), and
g, h are functions of y. LRS II spacetimes is a subclass of LRS spacetimes with g = 0 = h.
The field equations and full covariant derivatives of ua and ea for LRS spacetimes are given by the vanishing of
all tensor and vector quantities in (3) to (8). For LRS II spacetimes, in addition to the vanishing of the tensor and
vector quantities in (3) to (8), we also have the vanishing of Ω and ξ.
For LRS II spacetimes, the outward and inward pointing null normal vectors to the MTS - given as co-dimension
2 smooth embeddings of M - are given by
ka =
1√
2
(ua + ea) and la =
1√
2
(ua − ea) , (11)
respectively (see [20, 28]).
Definition II.4 We will denote by NNF (for null normal foliation) the class of spacetimes for which there exists
horizons foliated by MTS (the MOTS), and where null geodesics (both outgoing and ingoing) are normal to these
MTS. Locally rotationally symmetric (LRS) spacetimes is a subclass of NNF.
For LRS II spacetimes, the expansions Θk and Θl are given as
Θk =
1√
2
(
2
3
Θ− Σ+ φ
)
and Θl =
1√
2
(
2
3
Θ− Σ− φ
)
, (12)
respectively (see [19] for more details).
Definition II.5 (Hayward) A spacelike future outer trapping horizon (SFOTH) is a spacelike MOTS H of space-
time, such that LlΘk < 0.
5Definition II.6 (Regularity) A DH H is regular if
(1). H is achronal (for p, q ∈ H, ∄ a timelike curve γ : (a, b) −→ H such that γ (a) = p and γ (b) = q or γ (a) = q
and γ (b) = p).
(2). 2σ2 + Tabk
akb 6= 0 on H ∀ null vectors ka, where Tab is the energy momentum tensor.
We next look at evolution of MOTS in LRS II and NNF classes using the prescription in [31], in context of the
1 + 1 + 2 splitting (also see [8, 30]).
III. ON PROPERTIES OF MOTS
For NNF spacetimes (ka and la can be written in the form (11)), it turns out that the null expansion scalars take
exactly the same form as (12). This result was obtained in [19] and implies topological equivalence of horizons types
in these spacetimes to LRS II. In this section we consider evolution of black hole horizons. Specifically, we study the
evolution of MOTS in the LRS II class of spacetimes, the NNF class, then a 4-dimensional spacetime. The approach
in this work for determining the causal character of a MOTS utilizes the formulation in [31]. We compute a certain
smooth function on the MOTS determining its causal character, denoted C, in terms of quantities from the 1+ 1+ 2
decomposition of spacetime admitting the MOTS [20, 27]. This allows us to phrase the definition of the causal nature
of a MOTS in terms of constraints on the geometric and thermodynamic variables. We will see that the causal
character of the MOTS is determined by some energy condition on the MOTS, which is expected as stated in [31].
The comparison of the three cases considered also provides us with a useful way to determine a certain equivalence
under causal properties. Obtaining expressions in terms of these geometric and thermodynamic variables provides
us with useful insights into the nature and properties of MOTS of certain well studied spacetimes. Some interesting
statements can be made about MOTS and trapped 2-surfaces in some cosmological examples provided. Some existing
results are also recovered.
A. Evolution of MOTS
We now describe the procedure for determining the signature of the induced metric on a MOTS H , following [31]
where the null expansions now are expressed in terms of quantities from the the 1 + 1 + 2 splitting. It is worth
mentioning that in [31], the analyses were restricted to spherically symmetric spacetimes. Consequently, by adapting
the calculation of C to the variables from the 1+1+2 splitting, we can extend to LRS II spacetimes. While it is true
that in general this approach may not be suitable for extensive analysis of the evolution of MOTS, we will see that
the form of C for more general spacetimes provides insight into causal relationships of MOTS in LRS II spacetimes
and more general spacetimes.
Let us first briefly discuss the formalism in [31]. Introduce a vector field X¯a which is normal to a MOTS H . A
tangent vector field Xa to H (in the sense that XaX¯a = 0) is also introduced which is everywhere orthogonal to the
foliation. The vector field Xa generates a foliation preserving flow (LXv = f (v), for some function f (v) (v labels the
foliation)). Both Xa and X¯a are assumed to be future pointing in the sense that
Xala < 0, X¯
ala < 0.
There is a further requirement that
X¯aX¯a = −XaXa.
Of course if H is spacelike then XaXa > 0 and similarly X¯
aX¯a < 0. The vector fields X
a and X¯a can be written as
Xa = α (ka − Cla) and X¯a = α (ka + Cla) , (13)
respectively, where C is some scalar field on H (C ∈ C∞ (H)) and α ∈ R+. Without loss of generality, we set α = 1,
and from the definition of Xa,
LXΘk = L[k−Cl]Θk = 0, (14)
from which we write the explicit expression for the field C:
6C =
LkΘk
LlΘk . (15)
The proportionality of XaXa and X¯
aX¯a to C means that the sign of C, at a point of H , can be used to determine
the causal nature of the MOTS at the point: If C < 0 the MOTS is timelike, if C > 0 the MOTS is spacelike and if
C = 0 or C =∞ (LkΘk 6= 0 and LlΘk = 0) the MOTS is null. The sign of C also determines whether the MOTS is
expanding (C > 0), contracting (C < 0) or unchanging in area (C = 0 or C =∞). Thus the MOTS is timelike if and
only if it is contracting and spacelike if and only if it is expanding.
As an example we can explicitly calculate C for the LRS II class of spacetimes in terms of the scalars of the 1+1+2
formalism:
LkΘk = ka∇aΘk
= Θ˙k + Θˆk
= − (ρ+ p)− Π+ 2Q,
(16)
and
LlΘk = la∇aΘk
= Θ˙k − Θˆk
=
1
3
(ρ+ 3p) + 2E ,
(17)
which gives
CLRS II =
− (ρ+ p)−Π+ 2Q
1
3 (ρ− 3p) + 2E
. (18)
The quantities Θ˙k and Θˆk are computed using the appropriate linear combination of (3) to (6). We note that the
Lie derivative is along the null normals and evaluated on the MTS (thus on the MOTS). We can verify the validity
of the expression in (18) by checking some simple cases. For example, consider the case for the spherically symmetric
vacuum spacetimes. In this case, ρ = p = Π = Q = 0 and so the numerator of (18) is zero. Since E 6= 0, H is null,
i.e. H is an NEH. Considering Oppenheimer-Snyder collapse, p = Π = Q = E = 0, and C = −3. Thus H is a TLM
and contracting. As some authors argue that TLMs cannot be associated with the surface of a black hole during its
evolution since timelike curves can traverse the membrane in both directions, this is a case where a TLM is clearly
associated with the evolution of the black hole.
Since a MOTS H is timelike if and only if it is inner trapped (collapsing), i.e. LlΘk > 0, for the LRS II class of
spacetimes we can rephrase this in terms of the matter and scalar variables as follows:
Remark 1. A MOTS in a spacetime in the LRS II class of spacetimes is timelike if and only if ρ > 3p− 6E .
But as the MOTS is timelike, C < 0, which implies (ρ+ p) +Π− 2Q > 0. Suppose we consider an ideal case like the
perfect fluid, we have Π = Q = 0. If the weak energy condition (WEC) is satisfied then the condition for the MOTS
to be timelike is that ρ > 3p− 6E which agrees with the result in [20]. Similarly, a MOTS in a spacetime in the LRS
II class is spacelike if and only if ρ ≤ 3p− 6E .
Similarly, we can compute C for NNF spacetimes. We shall denote by (∗)LRS II the part of a quantity ∗ restricted
to LRS II class of spacetimes.
LkΘk = ka∇aΘk
=
(
Θ˙k + Θˆk
)
LRS II + (T1 + T2) + εab
(
Ra + R¯a
)
Ωb,
(19)
and
LlΘk = la∇aΘk
=
(
Θ˙k − Θˆk
)
LRS II + (T1 − T2) + εab
(
Ra − R¯a)Ωb, (20)
7where we set
T1 = 3Ω
2 − Σ2 + 2Ωξ + δa (Aa + αa) + (Ra − 2aa)Aa + (aa −Aa)Σa
−2αaΣa − Σab
(
Σab + ζab
)
,
T2 = 2ξ
2 +Ω2 + 2ξΩ− (ζab +Σab) ζab − (2aa +Σa)Σa + δa (aa +Σa) ,
Ra = Aa + αa − aa,
R
a
= δa + 2 (αa +Aa) .
This gives
CNNF =
(
Θ˙k + Θˆk
)
LRS II + (T1 + T2) + εab
(
Ra + R¯a
)
Ωb(
Θ˙k − Θˆk
)
LRS II + (T1 − T2) + εab
(
Ra − R¯a)Ωb . (21)
Suppose we have a case where Ra = R¯a and T1 = T2. Then (21) can be written as
CNNF = CLRS II + C¯, (22)
where the function C¯ is given by
C¯ = 6
T1 + εabR
aΩb
ρ− 3p+ 6E . (23)
While not of any physical relevance and no physical motivation for particular case given here, from (22) we can
conclude that, in general, though MOTS in NNF are topologically equivalent to LRS II, the MOTS will evolve
differently. We note that the conditions on Ra and R¯a are actually conditions on εabR
aΩb and εabR¯
aΩb.
We now provide some useful definitions and theorems.
We state the following result, which is a result noted in [9], with proof making use of (18):
Theorem III.1 Let M be a 4-dimensional spacetime and let H be a DH in M satisfying the NEC. If H satisfies the
second condition of regularity, then H is a (future) outer trapping horizon (FOTH).
Proof Condition (2) in definition II.6 implies LlΘk is nowhere vanishing on H [9]. If H satisfies the NEC, then by the
Raychaudhuri equation, we know that LkΘk is nonpositive on H . Using (15), since H is spacelike, LkΘk is strictly
negative (LkΘk = 0 implies H is null). This implies that LlΘk has to be everywhere negative on H (for C to be
positive).
Such DH H is the spacelike (future) outer trapping horizon (SFOTH) put forward by Hayward and considered the
MOTS containing a truly dynamical blackhole [9].
Using (16) and (17), the signs of LkΘk and LlΘk on an SFOTH H imply the following result:
Theorem III.2 A DH H in a spacetime M of the LRS II class of spacetimes satisfying the energy condition
2Q−Π < ρ+ p < 4p− 6E , (24)
is an SFOTH.
Theorem III.2 thus gives us a relatively easy way of checking if a given DH contains a truly dynamical BH. Similar
results can be stated for NNF class. For example a DH in a spacetime in the NNF class satisfying the condition
2Q−Π− p+ (T1 + T2) + εab
(
Ra + R¯a
)
Ωb < ρ < 3p− 6E − 3 (T1 − T2)− 3εab
(
Ra − R¯a)Ωb is an SFOTH.
Combining the result on topological equivalence between horizon types in the LRS II and NNF classes, and the
case considered in (22), we state the following result:
Theorem III.3 Let H ′ be a MOTS in the NNF class and let H ′ satisfy the case considered in (22). Suppose H is
a null MOTS in the LRS II class to which H ′ is topologically equivalent. Furthermore, suppose H ′ is regular and
satisfies the NEC. Then H ′ is an SFOTH if T1 + εabRaΩb < 0 and a TLM if T1 + εabRaΩb > 0.
This result also follows from the fact that H ′ being regular and satisfying the NEC implies that LlΘk is everywhere
negative on H . From theorem III.3 it is clear that it is entirely possible, in principle, to have topological equivalence
between MOTS satisfying the same energy conditions, but exhibiting different causal character. We will state this as
follows:
8Remark 2. In general, the causal structure (or character) of a MOTS is not preserved under diffeomorphism of
MOTS.
This is known and is expected in general as the causal character relies on a much stronger structure than the topology
(see chapter 2 of [35]).
For a general 4-dimensional spacetime, the generators of the outgoing and ingoing null geodesics to the two surfaces
contain a sheet component, i.e. there is a component of ka, la, denoted τa,−τa respectively, projected onto the 2-sheet
via Nab. The generators for the outgoing and ingoing null geodesics are written as
ka =
1√
2
(ua + ea + τa) , la =
1√
2
(ua − ea − τa) , (25)
respectively. There is a coefficient, τ (the magnitude of ka along ea), of ea for both null normals, but can be set to
unity without loss of generality. We calculate the null expansions in the ka direction and obtain
Θk =
1√
2
(
2
3
Θ− Σ + φ+W
)
, (26)
where W = ∇aτa = (δa − aa) τa (this decomposition, obtained from the decomposition of the fully orthogonally
projected covariant derivative, D, of a vector orthogonal to ua and ea, can be found in [27]). It is clear that for a
general 4-dimensional spacetime, if the sheet component of the null normal vector fields to the MTS is divergence
free, then these MTS are topologically LRS II (see [19]). We therefore have
LkΘk =
(
Θ˙k + Θˆk
)
LRS II + (T1 + T2) + εab
(
Ra + R¯a
)
Ωb + W˙ + Wˆ + τaδaΘk,
LlΘk =
(
Θ˙k − Θˆk
)
LRS II + (T1 − T2) + εab
(
Ra − R¯a)Ωb + W˙ − Wˆ − τaδaΘk, (27)
so that
C =
(
Θ˙k + Θˆk
)
LRS II + (T1 + T2) + εab
(
Ra + R¯a
)
Ωb + W˙ + Wˆ + τaδaΘk(
Θ˙k − Θˆk
)
LRS II + (T1 − T2) + εab
(
Ra − R¯a)Ωb + W˙ − Wˆ − τaδaΘk . (28)
where
Θˆk =
1√
2
(
2
3
Θˆ− Σˆ + φˆ+ Wˆ
)
, Θ˙k =
1√
2
(
2
3
Θ˙− Σ˙ + φ˙+ W˙
)
. (29)
B. A causal classification
We have now considered evolution of MOTS for general 4-dimensional spacetimes, NNF and LRS II spacetimes.
The approach used here, where we have combined the formulation in [31] coupled with the 1 + 1 + 2 decomposition
of spacetime allow us to give a particular classification of MOTS causally, i.e. classifying causally equivalent MOTS.
Given C, we will assume that the sign of denominator and numerator of C remains fixed by translation. This
then leaves the sign of C and therefore the causal character of the MOTS unchanged (notice that this ensures that
causally equivalent MOTS satisfy the same energy conditions). It is also clear that if the support of certain functions
is non-empty, C changes sign as well. This implies that the overall causal character then of these MOTS will change
at these support points. It is with these in mind we proceed with the following classification.
1. LRS II and NNF
Suppose we want to look at the particular case in (22). For a null MOTS H in the LRS II class of spacetimes,
i.e. CLRS II = 0, we may determine the causal character of the corresponding MOTS, H
′, in the NNF class, which
is topologically equivalent to H , by some restrictions on the function C¯. For such case as that of (22), the evolution
of the MOTS will be precisely LRS II if T1 = −εabRaΩb. In fact, in general, MOTS in the NNF class satisfying the
condition that R¯a = T2 = 0 will be both causally and diffeomorphically LRS II.
92. NNF and the general case
A MOTS in a general 4-dimensional spacetime satisfying one of the conditions below is causally NNF:
a. Wˆ = −τaδaΘk.
b. W˙ = 0 and Wˆ = −τaδaΘk.
c. W = 0 and τaδaΘk = 0.
In the case of the last item c., the MOTS is also diffeomorphically NNF.
3. LRS II and the general case
A MOTS in a general 4-dimensional spacetime satisfying one of the conditions below is causally LRS II:
a. Wˆ = −τaδaΘk and T2 = R¯a = 0.
b. W˙ = 0, Wˆ = −τaδaΘk and T2 = R¯a = 0.
c. W = 0, τaδaΘk = 0 and T2 = R¯
a = 0.
d. The case considered in (22) and the additional condition that T1 = −εabRaΩb, with Wˆ = −τaδaΘk, W˙ = 0 and
Wˆ = −τaδaΘk, or W = 0 and τaδaΘk = 0.
In the cases of the items c. and d., the MOTS is also diffeomorphically LRS II.
This classification is by no means exhaustive as just as we considered in (22) where we looked at a particular
splitting of C, similar conditions can be put on C to obtain further classifications.
Next we use the expression for C for the LRS II class, (18), and investigate the MOTS in some well known
spacetimes. We obtain some known results like the bounds on the equation of state parameter σ, which distinguishes
timelike, spacelike and null MOTS. We also investigate the stability of the 2-spheres foliating the MOTS, which is
determined by conditions on σ.
C. Relationship between C and the slope to the tangent to the MOTS
One of the very first investigations of the evolution of black holes, covariantly, utilizing the 1+1+2 formalism, was
carried out by the authors in [20]. This approach was generalized in [19]. Since in this paper we utilize the formalism
in [31], but in context of the geometric and thermodynamic variables from the 1 + 1 + 2 formalism, it would make
sense to show the relationship between the two approaches. While we do this (and provide examples) for LRS II
spacetimes, this extends to the NNF spacetimes.
The approach in [20] chooses a tangent vector Ψa = αua+ βea, which lies on entirely on the MOTS, defined as the
curve Θk = 0 in the [u, e] plane. Since the vector ∇aΘk is normal to the MOTS, then Ψa∇aΘk is zero, which gives
the slope, α/β, of the MOTS curve
α
β
= − Θˆk
Θ˙k
. (30)
The sign of α/β then determines if the MOTS is future outgoing or future ingoing: if α/β < 0, the MOTS is said to
be future ingoing, and if α/β > 0 the MOTS is said to be future outgoing. Now from the definition of the function
C, lets look at for which values of α/β we can causally characterize the MOTS.
We can write the function C from (15) as
C =
Θ˙k + Θˆk
Θ˙k − Θˆk
.
Dividing the numerator and denominator of by Θ˙k gives the function C in terms of the slope
C =
1− α/β
1 + α/β
. (31)
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Multiplying (31) by (1 + α/β) / (1 + α/β) (for α/β 6= −1) gives
C =
1− α2/β2
(1 + α/β)
2 . (32)
Then the MOTS is spacelike, timelike of null if α2/β2 is less than 1, greater than 1 or equal to 1, respectively. For
α/β = −1, we simply multiply (31) by (1− α/β) / (1− α/β) and obtain
C =
(1− α/β)2
1− α2/β2 . (33)
The definitions of spacelike, timelike and null MOTS follow as before.
D. Characterization of MOTS and the stability of MTS in some well known spacetimes
We here consider the characterization of MOTS in the Robertson-Walker and Lemaitre-Tolman-Bondi models, as
well as the stability of the MTS foliating these MOTS.
1. Robertson-Walker spacetimes
As mentioned earlier, for certain solution types, the form of (18), when compared to the expression for C, allows us
to express certain quantities in terms of the geometric and thermodynamic variables. Consider the case of a timelike
perfect fluid. The tangent to the timelike congruence is given by
ua = Dka + (2D)
−1
la. (34)
The function C is expressed as
C =
1
2D2
ρ+ p(
1
A
)
+ p− ρ , (35)
for some function D, [31], where A is the area of the 2-spheres. The function C is thus determined by the sign of
ρ+ p(
1
A
)
+ p− ρ. (36)
We can directly compare (35) to (18) and write the area A as
A =
3
ρ
D2 (37)
(we note that for such solutions Λ, E = 0). Consider the Robertson-Walker spacetimes which assume an equation of
state of the form p = σρ. Putting (37) in the denominator of (36) we obtain(
1
3D2
+ (σ − 1)
)
ρ. (38)
For a given solution (or class of solutions), from knowing the denominator of C in (18), we can determine D. For
LRS II spacetimes, D = 1/
√
2 (we can check (34) against the expressions for ka and la in (11)). This gives the area A,
of the marginally trapped 2-spheres in the case of timelike perfect fluids as A = 3/ (2ρ). Inserting this in the condition
in remark IIIA and noting that both E and Λ vanish, we obtain the results in [31], i.e. timelike and spacelike MOTS
satisfy the cut-offs ρ− p > 1/A and ρ− p ≤ 1/A respectively.
For the Robertson-Walker spacetimes, we can explicitly write the quantity C in terms of σ,
C =
3 (σ + 1)
(3σ − 1) . (39)
Of course from (39), any real value of σ is suppose to fix C everywhere on the MOTS. However, in [31] the author
showed that in certain cases, for higher values of σ, the value of C may vary on the MOTS, in particular for σ = 2.
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But the horizon remains spacelike. We see that the causal characterization of a MOTS corresponds to the following
bounds on σ: For a timelike MOTS, −1 < σ < 13 , a spacelike MOTS, σ > 13 or σ < −1, and for null MOTS, σ = −1
or σ = 13 . The approach used here relatively easily obtains these results, which agree with those of Ben-Dov and
Senovilla [32, 36].
The formula in (39) could have been directly obtained from (18): For timelike fluids C becomes
C =
3 (ρ+ p)
(3p− ρ) . (40)
With an equation of state of the form p = σρ, (40) is reduced to (39). An interest of this exercise is the form that
A takes. Consider stability of the marginally trapped 2-spheres of the Robertson-Walker spacetimes. By stability we
mean that if a marginally trapped 2-surface S is deformed outward, the associated outgoing null expansion scalar
is non-negative and somewhere positive on the marginally trapped 2-sphere (see references [10–12, 43–45]). Given a
function ϕ on S, stability of S is determined by the sign of the principal eigenvalue of the stability operator LΣ acting
on ϕ. For spherically symmetric spacetimes, this eigenvalue is given by
λ = 8π
(
1
2A − Tabk
alb
)
, (41)
(see [31]). For timelike fluids, we can then write λ as
λ = −8π
(
2
3
ρ+ p
)
. (42)
Since energy density is positive, for spacetimes in the class of timelike perfect fluids, the MTS are stable if ρ ≤ − 32p
and strictly stable if ρ < − 32p. We see that stability of the marginally trapped 2-spheres is only obtained under the
condition of negative pressure. For the Robertson-Walker spacetimes, the condition for stability reduces to
σ ≤ −2
3
. (43)
From (43) it is evident that the marginally trapped 2-spheres of null and contracting, spacelike and expanding MOTS,
as well as the 2-spheres of MOTS in the dust filled universe (this was also recently considered in [19] in context of the
1 + 1 + 2 semitetrad formalism) are all unstable.
Our approach has allowed us to completely characterize the marginally trapped 2-spheres of MOTS in these cos-
mological models in terms of stability, again, relatively easily. It is also possible to identify the SFOTHS in the
Robertson-Walker spacetimes. We have that (24) reduces to the condition
−σ < 1 < 3σ. (44)
It is clear from (44) that the SFOTHs in these models are precisely those spacelike MOTS with σ > 13 , containing
unstable marginally trapped 2-spheres.
2. Lemaitre-Tolman-Bondi dust model
By the same token, let us consider the the Lemaitre-Tolman-Bondi (LTB) dust model [47–49], a gravitational
collapse model violating the cosmic censorship conjecture, with interior metric given by the line element
ds2 = −dt2 + R
′2
1− r2b0 dr
2 +R2
(
dθ2 + sin2 θdφ2
)
. (45)
Here R = R (t, r) is the area radius of the collapsing shell and b0 = b0 (r) is their energy profile. The only non-zero
matter and thermodynamic quantities are ρ and E . Evolution of the MOTS in the LTB model has been considered in
[31]. We also consider the evolution of the MOTS in this model, but in terms of the geometric and thermodynamic
variable as we have done throughout this paper. The function C for the LTB model is given by
C = − ρ1
3ρ+ 2E
, (46)
12
where ρ is given by
ρ =
(
r3M)′
R2R′
, (47)
with M =M (r) being the Misner-Sharp mass [47–49]. Thus the condition for the MOTS to be spacelike, timelike,
or null is given by
ρ < −6E , ρ > −6E , or ρ = −6E ,
respectively.
The scalar λ, whose sign determines the stability of the MTS, is given by
λ = −4π
(
1
3
ρ+ 2E
)
. (48)
From (41), stability of the MTS thus requires that
ρ < −6E , (49)
on the MTS. Of course then spacelike MOTS are necessarily foliated by stable MTS, and the MTS foliating timelike
MOTS are unstable. The null MOTS are marginally stable.
Let us now consider the relationship between stability and shell crossing. For the LTB model, E is given by
E = 1
3
ρ− r
3M
R3
, (50)
where R is given as R = r
(
1−√Mt
)2/3
[47–49]. The condition for stability can be expressed as a condition on
M′: Upon inserting (50) into (49), we obtain the condition for stability (which is also an equivalent condition for the
MOTS to be spacelike) as
ρ <
2M(
1−√Mt
)2 , (51)
and from (47), (51) can be rewritten as
M′ <
3rM√M
(
1−√Mt
)
3r2
(
1−
√
Mt
)
+ 2tM
, (52)
as we move away from the central singularity. (tc < t < ∞), where tc = 1/
√
M is the time for collapse (comoving
time) to zero area (R = 0). The condition for no shell crossing is given by
t′c = −
M′
2M 32 ≥ 0,
which requiresM′ ≤ 0. It is clear that stability of the leaves of the MOTS ensures no shell crossing.
Given an MOTS H , how does the causal character of H affect flux quantities associated with H? In the next
section we consider surface gravity calculated on the MOTS for various classes of spacetimes.
IV. SURFACE GRAVITY OF MOTS
Surface gravity is a fundamental notion in the formulation of the laws of black hole mechanics. As such, understand-
ing their evolution as a black hole evolves has been of keen interest [22–25]. In this section, using the formulation in
[21–23, 26] (see also [30]), coupled with adapting the calculations to quantities from the 1+1+2 splitting, we calculate
the surface gravity for black hole horizons in the LRS II and NNF spacetimes, as well as a general 4-dimensional
spacetime. Under this formulation we prove a standard result in black hole mechanics, specifically the third law of
black hole thermodynamics, for the LRS II class.
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Define the rotation potential 1-form on a 2-surface S as
ω˜a := − lb∇akb, (53)
with the covariant derivative pulled back to the horizon. For the case of an IH, the surface gravity is given by the
contraction of ω˜a by the outgoing null normal:
κ = ω˜ak
a. (54)
Let us first consider the case of the LRS II class of spacetimes. Computing ω˜a we obtain ω˜a = −
(
Aua −
(
1
3Θ+Σ
)
ea
)
,
which gives
κLRS II =
1√
2
(
A+
1
3
Θ + Σ
)
. (55)
In the time symmetric case,
(
1
3Θ+Σ
)
is zero and the surface gravity is just the accelaration, A, scaled by 1√
2
, which
is the expected result.
For the NNF, the rotation potential 1-form is given by
ω˜a =
[
−A+
√
2
2
(
Ablb + α
blb
)]
ua +
[
1
3
Θ + Σ+
√
2
2
(
Σblb + ε
b
mΩ
mlb + a
blb
)]
ea
+
[
Σa − εamΩm −
√
2
2
(
(Ω + ξ) εba +Σ
b
a + ζ
b
a
)
lb
]
= −Aua +
(
1
3
Θ + Σ
)
ea +Σa − εamΩm. (56)
The surface gravity on an IH in the NNF class is then given by
κNNF =
1√
2
(
A+
1
3
Θ + Σ
)
= κLRS II . (57)
In general, the surface gravity on a leaf of the foliation, applicable to different horizon types, is given by
κν = −lbXa∇aXb, (58)
where ν is the foliation label and Xa is the vector given in (13), which can be expanded as
κν = kaω˜a + C
(
Xalb∇alb − laω˜a
)
, (59)
We see that on an isolated horizon (C = 0), (59) becomes (54). In fact for a slowly evolving horizon (see [8] for
discussions on slowly evolving horizons), (59) gives a splitting of the surface gravity with C being - taken as the
evolution rate - sufficiently less that 1, and kaω˜a is constant. Then a slowly evolving horizon will be interpreted
simply as one satisfying the conditions in [8] where ǫ is replaced by C, and so are simply those horizons for which C
satisfies 0 < |C| ≪ 1 along with the additional conditions.
From (59) it is now obvious that in general the surface gravity will not be constant with C
(
Xalb∇alb − laω˜a
)
being
the evolving component of κν .
For the LRS II class of spacetimes, lb∇alb = 0 and thus, on a leaf, the surface gravity can be expressed as
κνLRS II =
1√
2
[
(1− CLRS II)A+ (1 + CLRS II)
(
1
3
Θ + Σ
)]
. (60)
In the case of an NEH with CLRS II = 0, (60) reduces to (55).
As an example of the application of (60) to horizons that are not NEHs, we again consider the OS collapse case.
In this case A,Σ are both vanishing and we have
κν = −2
3
Θ.
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Of course since it is known that κ > 0 we therefore expect Θ < 0 and so the horizon in this case is necessarily
collapsing, and thus timelike.
For the NNF class, we have
Xalb∇alb = (1 + CNNF )
2
(
Σb + εbmΩ
m + (Ω− ξ) eaεba + eaΣba − ab − eaζba
)
lb
+
(1− CNNF )
2
(
Ab − αb + uaΣba − uaζba + (Ω− ξ) uaεba
)
lb
= 0,
and
laω˜a =
1√
2
[
A−
(
1
3
Θ + Σ
)]
.
We therefore have (59) reducing to
κνNNF =
1√
2
(
A+
1
3
Θ + Σ
)
+
1√
2
CNNF
(
−A+ 1
3
Θ + Σ
)
=
1√
2
[
(1− CNNF )A+ (1 + CNNF )
(
1
3
Θ + Σ
)]
. (61)
Let us consider under what condition the horizon of a black hole spacetime in the LRS II class (and by extension
NNF) in general will have a vanishing κν on the horizon. Suppose κνLRS II = 0 on H . Then setting (61) to zero gives
CLRS II =
A+
(
1
3Θ+Σ
)
A− ( 13Θ+Σ) . (62)
Equating (62) to (18) we obtain the following constraint equation[
A−
(
1
3
Θ + Σ
)][
−4
3
ρ−Π+ 2 (Q− E)
]
= 0, (63)
so either A =
(
1
3Θ+Σ
)
or − 43ρ − Π + 2 (Q− E) = 0. If A =
(
1
3Θ+Σ
)
, then CLRS II = ∞ from (62). But from
the definition of κνLRS II , A =
(
1
3Θ+Σ
)
implies
(
1
3Θ+Σ
)
= 0 (since κνLRS II is 0). This then further implies A = 0
which makes CLRS II indeterminate, and we have a contradiction. We therefore assume A 6=
(
1
3Θ+Σ
)
and consider
the second case, − 43ρ−Π+ 2 (Q− E) = 0. This condition implies CLRS II = 1, which would then imply that(
1
3
Θ + Σ
)
= 0, (64)
(from either equation (61) or (62)). Since A 6= ( 13Θ+Σ) and ( 13Θ+Σ) = 0, A 6= 0. We therefore have that κν = 0
if A 6= 0 and Θ = −φ on the horizon, recalling that on the horizon,
Θk =
2
3
Θ− Σ+ φ = 0. (65)
Combining (64) and (65) gives φ = −Θ and Σ = 13φ. But CLRS II = 1 implies Θ > 0 (expanding). As the 2-
surfaces foliating the horizon are marginally trapped, the expansion scalar in the ingoing null direction is negative,
i.e. Θl =
2
3Θ − Σ− φ < 0. However, we have Θl = 2Θ. So for Θ > 0, we have that Θl > 0, which is a contradiction.
We conclude that
Remark 3. We cannot have a black hole spacetime in the LRS II class (and by extension the NNF class) with κν
vanishing on the horizon,
which is just the third law of black hole thermodynamics [24]. This is akin to the statement that the LRS II class of
spacetimes admit no extremal black holes. Though restricted to the LRS II and NNF classes, this provides an explicit
proof of the third law of black hole thermodynamics [24, 51, 52].
We now consider these quantities for a general 4-dimensional spacetime. The outgoing null normal ka in this case
is as defined as in (25). Using (53), the rotation one-form is calculated as
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ω˜a = −Aua +
(
1
3
Θ + Σ
)
ea − τaΘkLRS II + lb∇aτb +Σa − εamΩm, (66)
which gives the surface gravity as
κ =
1√
2
[(
A+
1
3
Θ + Σ
)
− lb
(
τ˙b + τˆb + τ˘b
)]
, (67)
where the notation ∗˘ is introduced to denote the derivative along the direction τa. So τ˘b = τa∇aτb. From (67)
we see that the surface gravity on a NEH in a general 4-dimensional spacetime coincides with the LRS II class if
lbτ˘
b = −lb
(
τ˙b + τˆb
)
. The 1+1+2 decomposition of the surface gravity on a leaf of a general horizon type is calculated
as
κν =
1√
2
[(
A+
1
3
Θ + Σ
)
− lb
(
τ˙b + τˆb + τ˘b
)]
+
1√
2
C
[
−A+
(
1
3
Θ + Σ
)
+
1
2
(C − 3) τ˙blb
]
+
1√
2
C
[
1
2
(C + 3)
(
τˆb + τ˘b
)
lb +
1
2
τb
(
V b2 − V b1
)
+
1
2
(1 + C)V + τb
(
Σb − εbaΩa
)]
=
1√
2
[
(1− C)A+ (1 + C)
(
1
3
Θ + Σ+
1
2
CV
)]
+
1
2
√
2
[
C
(
V b2 − V b1
)
+
(
Σb − εbaΩa
)]
τb
+
1
2
√
2
[(
C2 − 3C − 1) τ˙b − (C2 + 3C − 1) (τˆb + τ˘b)] lb, (68)
where
V b1 = A
b − αb, V b2 = ab − Σb − εbcΩc, V =
1
2
τ2ΘkLRS II .
Again when C = 0 (68) reduces to the form of (67).
In fact the expression for the surface gravity of IH in the LRS II and NNF classes has consequence for the definition
of the temperature of the gravitational field in the gravitational entropy proposal paper by Clifton et. al [53]. It
allows us to give a geometric interpretation to the temperature of the gravitational field. Let us define a new one-form
ω˜′a as
ω˜′a = −
1
2π
√
2
(
lb∇akb + lb∇alb
)
. (69)
We can then write the temperature of the gravitational field as
Tgrav = k
aω˜′a =
1
2π
(
A+
1
3
Θ + Σ
)
, (70)
which is proportional to κ (also see [54] for discussion of the temperature of the gravitational field in context of the
1+ 1+ 2 splitting). As κ is defined on the horizon, Tgrav is then tightly associated with the horizon of the black hole
and can therefore be seen as the generalization of the Hawking and Unruh temperature [55]. Also we can give the
following geometrical interpretation to Tgrav (up to scale): Tgrav is the sum of the accelerations of the null normal
vector fields ka and la along the null direction la.
V. CONCLUSION
In this work we have considered various aspects of the dynamics of black hole horizons. Work by Booth established
that the matter content of the horizon determines the causal character of the horizon (at least for the spherically
symmetric case he considered). This work treats this same problem using the formulation by Booth and coauthors
in [31], but in context of the geometric and thermodynamic variables from the 1 + 1 + 2 splitting. The form that
the function C takes - whose sign determines the causal character of the horizon - indeed establishes that the matter
content determines the causal character of the horizon. Stated another way, the causal character of the horizon
is determined by the relationship between the matter and thermodynamic variables, even for more general cases.
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The form of C in our treatment further allows us to recover established results and well as provide us with new
insights into the properties of the horizon in a straightforward and relatively simple way. This is demonstrated by the
recovery of the bounds of the equation of state parameter σ, for which horizons in the Robertson-Walker spacetimes
are timelike, spacelike of non-expanding. We have also been able to determine the values of σ for which MTS in the
Robertson-Walker spacetimes are stable as well as classify the SFOTHs. In particular, it is seen that the existence of
stable MTS are possible only if the isotropic pressure is negative. We then went on to show that for the LTB model,
a relationship between the energy density and electric part of the Weyl curvature E , gives the causal classification of
the MOTS. It was further shown that the MTS foliating the spacelike MOTS are necessarily stable, and that this
stability guarantees no shell crossing.
The form of the surface gravity obtained in our treatment has provided use a useful mean to verify the third law
of black hole thermodynamics for a restricted class of spacetimes. We give an explicit proof of the law for LRS II
spacetimes (the proof can also be carried over to NNF spacetimes). For an isolated horizon, we have an expression
that allows us to give a geometric interpretation of the temperature of a gravitational field. We could also interpret
the result as allowing us to view the surface gravity as just an expression of temperature up to scale.
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